Abstract. -The entanglement-sharing properties of an infinite spin-chain are studied when the state of the chain is a pure, translation-invariant state with a matrix-product structure [1] . We study the entanglement properties of such states by means of their finitely correlated structure [2] . These states are recursively constructed by means of an auxiliary density matrix ρ on a matrix algebra B and a completely positive map E : A ⊗ B → B, where A is the spin 2 × 2 matrix algebra. General structural results for the infinite chain are therefore obtained by explicit calculations in (finite) matrix algebras. In particular, we study not only the entanglement shared by nearest-neighbours, but also, differently from previous works [3] , the entanglement shared between connected regions of the spin-chain. This range of possible applications is illustrated and the maximal concurrence C = 1 √ 2
Two main different approaches have emerged: one dealing with the scaling behaviour of entanglement-sharing between various subsets of localized spins [17, 18, 20, 21] , the other one studying how much entanglement can be localized on two distant spins by measuring the others [19, 22] . In this Letter we choose the first approach and study the entanglement of FCS by means of their recursive structure [2] , that is by studying the specific completely positive maps between finite dimensional algebras and finite dimensional density matrices on which it is based. This provides a rich phenomenology of total translation invariant states over infinite spin chains whose entanglement properties are nevertheless determined by, and can consequently be studied in a finite-dimensional setting. Thus, we are able to compare nearest neighbours with non-nearest neighbours entanglement or, more generally, to analytically study the entanglement between different subsets of lattice points. In particular, we shall give a general necessary condition for one spin being entangled with a subset of others and prove that in some cases this condition is also sufficient. Finally, we show that entanglement sharing can achieve its maximum in the sense of [4] . Construction of translation invariant FCS: We will denote by A Z an infinite spinchain, the spins at sites i ∈ Z being described by the algebra (A) i = M 2 of 2 × 2 complex matrices. The infinite algebra A Z arises as a suitable limit of the local tensor-product algebras A [−n,n] := ⊗ n j=−n (A) j . Any state ω over A Z is specified by density matrices ρ [1,n] defining the action of ω as an expectation over local operators A [1,n] ∈ A [1,n] :
The ρ [1,n] 's must satisfy the compatibility conditions
whereas, translation-invariance requires
The class of translation-invariant FCS over A Z is defined by a triple (B, ρ, E) where B is a b × b matrix algebra B, ρ ∈ B a density matrix and E : A ⊗ B → B a completely positive unital map, which in Kraus-Stinespring form reads
with A ∈ A and B ∈ B. Unitality means that identities are preserved:
; this defines a completely positive map from A into B. Analogously, the recursive compositions
the r.h.s. recursively defines local density matrices ρ [1,n] over A [1,n] and a total state ω on
Concretely, we choose B = M 2 and E in (4) with just one Kraus operator V :
where |φ 1,2 ∈ C 2 are orthonormal and v 1,2 are 2 × 2 matrices satisfying
If there exists a unique ρ fulfilling the previous condition, the resulting translation-invariant FCS are pure states over A Z [2] , namely they cannot be decomposed as mixtures of other states. These pure states can be interpreted as ground states for appropriate constructed Hamiltonians of finite range, but higher correlations [2] . Consider (5) with n = 2 and
Using the properties of the trace-operation, the action of E becomes the action of its dual map F onto the state ρ ∈ B:
. This provides a state
The r.h.s. of (8) reads
nearest-neighbours states arise as ρ 12 := ρ [1, 2] = Tr B id A ⊗ F(ρ A⊗B ) and read
where
, while general local density matrices are given by
We shall now relate the entanglement of ρ A⊗B to that of the spin at site 1 with those at sites in [p, n], p > 1. This means investigating the entanglement of the restricted state ω |(A) 1 ⊗ A [p,n] . By the previous construction, the restriction amounts to the expectations
Notice that while ρ 12 is a nearest-neighbours state, ρ A⊗B encodes the entanglement of the spin at site 1 with any subset of spins A [p,n] , p > 1, after being embedded into B = A = M 2 by G. The advantage of the abstract structure presented above emerges in that the total state over the chain is determined by the triple (B, E, ρ), so that properties like the maximal entanglement shared by nearest neighbours in a translation invariant chain, and, more generally, the entanglement between different subsets of lattice points, can be studied by means of that triple only. Distribution of the entanglement along the chain: As a measure of the entanglement of a state ν 12 over the tensor product algebra N 1 ⊗ N 2 , we shall use the entanglement of formation [25] E N1⊗N2 (ν 12 ) = inf
where ν 12 = j λ j ν j 12 is a convex decomposition into pure states and S ν j 12 |N 1 the von Neumann entropy of their restrictions to the subalgebra N 1 , namely of the state obtained by tracing over the second factor, the density matrix representing the expectation functional ν 12 . It turns out that
The proof of this fact follows from a slight generalization of an argument in [24] . Let N 3 be another algebra, ν 13 a state over N 1 ⊗ N 3 and Γ :
• denotes the composition of the expectation functional ν 13 with the completely positive unital map id N1 ⊗ Γ. As the decompositions of ν 12 induced by those of ν 13 are not all possible ones, it follows that E N1⊗N2 (ν 12 ) is bounded from above by inf ν13= j λj ν
From the unitality of Γ, the states ν 12). Thus, the general necessary condition follows that, for (A) 1 to be entangled with A [p,n] , p > 1, the state ρ A⊗B must be entangled over A ⊗ B. Translation-invariance makes this necessary condition independent of rigid shifts of the two algebras; also, though the next examples go in the right direction, unfortunately, there is so far no general argument for its sufficiency namely that entanglement between A and B should imply entanglement between A and some A [p,n] . Examples: Because A = B = M 2 , we study the concurrence [26] of which the entanglement of formation is a monotonically increasing function. The concurrence of ρ is given by C(ρ) = max{0, λ 1 − λ 2 − λ 3 − λ 4 }, where λ j are the square roots of the eigenvalues in decreasing order of the matrix ρ ρ where ρ = (σ y ⊗ σ y )ρ * (σ y ⊗ σ y ) and ρ * denotes complex conjugation in the standard basis. In terms of concurrence, inequality (14) reads using (11), the state of three adjacent qubits explicitly reads
with s = sin ϕ and c = cos ϕ. Conditions (7) give
With this choice (v 2 ) 2 = 0 and all terms in (10) with two adjacent v 2 or v † 2 vanish; therefore, independently of a, s in (22), nearest-neighbours states are of the form
and have concurrence C 12 = 2|β|. The entanglement of formation is maximal when
is maximal, that is when a = √ 2 − 1, cos(2φ
On the other hand, the concurrence of ρ A⊗B amounts to
In Figure 1 (b), a is set √ 2 − 1 and (24-25) are plotted against ϕ ∈ [0, 2π]: again agreement is shown with the general monotonicity of concurrence expressed by (16) . Namely, nearestneighbours are entangled if the state of one site with the rest ρ A⊗B is entangled, but we do not know if entanglement of one site with rest always implies nearest neighbours entanglement. We believe this to be peculiar of our choice of B: since it is two dimensional both ρ 12 and ρ A⊗B have rank 2 and separable density matrices of rank 2 have 0 measure.
When three qubits share equal entanglement, then the maximum entanglement of one qubit with each of the two other qubits is the sum of the squares of the two concurrences which is less than or equal to one [4] . Thus nearest neighbour concurrence cannot exceed 1/ √ 2, but it is an open problem whether this upper bound can be achieved by an entangled chain. In [3] an entangled chain is considered in a translational-invariant state with nearestneighbours states as in (23) 
whence C(ρ A⊗B ) = 2a √ 1 − a 2 1 + a 2 sin ϕ which attains its maximum 1/ √ 2 at ϕ = π/2 and a = 1/ √ 3. This state differs from the one in Eq. (23) . Therefore optimizing the entanglement of A 0 ⊗ A [1,∞] reduces the entanglement of A 0 ⊗ A 1 .
Conclusions:
We studied the entanglement properties of FCS over infinite quantum spin chains by means of their recursive structure and illustrated some possible behaviors by examples with 2 × 2 matrices. Investigation of higher dimensional contexts as the AKLT model [23] and comparison with different approaches [17] is in progress.
